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A theory of the positive plate of the lead-acid battery was elaborated under the assumption that 
a kinetic relationship between the local faradaic current density and potential applies. Exact 
transport equations for concentrated electrolytes were used and volume changes in the solid and 
liquid phases were taken into account. The solution of the resulting system of three partial dif-
ferential equations depends on the initial porosity of the electrode and on two dimensionless 
criteria involving electrode thickness, current load, specific surface area and exchange current 
density. Numerical solutions for special cases are discussed. 

The previous theoretical work on the lead-acid battery was based mostly on the assumption 
that the Nernst equation for the potential in the pores can be applied1. Although this is exactly 
true for zero current and approximately for small current loads usual in practical discharges 
except for automotive batteries, difficulties arise if the theory is to be extended to involve dif-
fusion f rom the bulk of the electrolyte into the pores2. This, however, is of importance when the 
discharge capacity is calculated theoretically. Therefore, the kinetic approach appears inevitable 
and this even more so because the factors limiting the discharge capacity of the positive plate 
are still not well understood. The theories employing the Nernst equation come necessarily to the 
conclusion that the end of the discharge is determined mainly by exhaustion of sulphuric acid 
on the surface of the plate, whereby its potential is shifted towards negative values3 '4 . This con-
cept was made use of even by authors who carried out discharge capacity measurements in a large 
excess of a stirred sulphuric acid solution5. However, as already shown by us, it is unrealistic 
to assume that the minimum of the acid concentration is just on the plate surface, and to remove 
this assumption means to replace the Nernst equation in the theory by a more general one2 . 
Reliable numerical data concerning the kinetic current-overpotential relationship for lead dioxide 
electrodes in sulphuric acid solutions were lacking until Simonsson published the results of his 
measurements6 and employed them in a simple theory of the current distribution in the pores. 
A similar theory, also disregarding the concentration changes in the electrolyte but supplemented 
with equations describing volume changes in the solid phase and not restricted to a special case 
was worked out by Gidaspow and Baker7 who emphasized the role of choking the outer ends 
of pores in determining the end of the discharge. These authors considered erroneously the dif-
ference of the solution potential between the outer and inner ends of the pores to be equal to the 
"overpotential" of the electrode. Recently Simonsson8 presented a more advanced theory 
of the positive plate involving diffusion of the electrolyte, volume changes in the solid phase 

* Part XIII in the series Theory of Porous Electrodes; Part XII: Electrochim. Acta 19, 499 
(1974). 
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and a parameter, Xmax, equal to the "maximum fraction of the electrode material which can be 
utilized at the actual current density"; a rough agreement between the calculated and measured 
discharge (E-t) curves was attained by a suitable choice of this parameter in the range 0-45 — 0-60. 
The author assumes that exhaustion of sulphuric acid in the pores limits discharge capacity in ac-
cord with the original view supported by the Liebenow experiment9; however, the comparison 
of the calculated and measured E-t curves remains open for discussion. 

Our aim was to supplement the exact transport equations derived previously1 

by a kinetic current-potential relationship and by taking the diffusion of the external 
acid into the pores into account. An attempt will be made to elucidate the factors 
that control the end of the discharge and the coefficient of use of the active material. 

Electrode Model and Basic Equations 

The electrode model described previously1 will be used except that the plate is dipped 
in a large reservoir filled with a stirred solution of sulphuric acid to eliminate 
transport restrictions in the bulk of the electrolyte. (This corresponds, e.g., to the 
experiments of Gillibrand and Lomax5.) The plate-shaped, porous lead dioxide 
electrode of thickness 2d and porosity Vp is polarized from both sides. For reasons 
of symmetry we shall consider only one half of this plate of thickness d. The dis-
charge current, I < 0 (A/cm2), may be considered either constant or a function of ti-
me; the present calculations are restricted to the case of constant current. 

The basic equations (I)—(14) from ref.1 will be used with the alteration that the 
term (dE/dc*) Vc* in (6) and (7) will be replaced by V£ expressing the circumstance 
that the local polarization, E, will be considered as a function of the coordinate x 
similar to porosity Vp. We assume that the local faradaic current, J, depends on E 
according to the equation 

J = * 'o [exp(2F(E - Er)jRT) - exp ( - 2 F ( E - Er)jRTj] , (l) 

which for 2F(E r — E)jRT> 1 takes the form of the equation used by Simonsson6; 
Er denotes equilibrium potential of the half-cell P t |H 2 |H + ( a = 1) | H 2 S 0 4 | P b S 0 4 | . 
. Pb0 2 jP t . The local faradaic current flowing in 1 cm3 of the active, porous mass 
is equal to JS, where S means the electrochemically active surface area of P b 0 2 

in 1 cm3 of electrode, and this product is equal to the divergence of the ionic current, 
V/2 (i2 in A/cm2 of the cross section of the electrode). Hence, Eq. ( i) can be directly 
combined with (3) in ref.1 After some calculations we arrive at the following partial 
differential equations describing the transport of mass and electricity in the given 
porous system: 

dx d( v, (*.(«) ~ + M») I ) ] . (2) 
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Tr du dVD d Vrr ( , . ,du . , . drj\ 

dr 

The initial and boundary conditions are 

r = 0 , ZZ 0 : u = 1 , Vp = Fp0 , n = rjT, 

£ = 0 , T > 0 : dnldc, = du/dZ = 0 , 

M 

0) 

(6) 

£ = 1 , r > 0 : u = 1 , Vv + ) g l = J / / d . w 

We have introduced the dimensionless parameters 

u = c*/c* , »/ = EFjRT, x = t(Dl0 + D20)jld2 = , £ = x/d , (8) 

K = c*(F4 - K3) , /0//d = d2i0Slct(D10 + D20) F, J/Jd = 

= dllc*a(D10 + D20)F, (9) 

where c* and c* denote concentration of sulphuric acid (in mol/cm3) in the pores 
and in the bulk of the electrolyte, V3 and V4 (cm3/mol) molar volumes of P b 0 2 

and P b S 0 4 , respectively, t (s) time, D10 and D20 diffusion coefficients of H 3 0 + 

and HSO4 ions in the pores at infinite dilution1. The functions 1j/i are defined as 
follows: 

= (l-2t°1)(dlna±ldu)i{/2(u), ij/2(u) = u(Dt + D2)I(D10, + Dzo), 

(10), (11) 

^3(11) = u[(l-2t°1)f;(u)(Dl + D2) + D2F1f2(u)](d\na±ldu)l(Di0 + D20) , 

02) 

<A4(u) = u^D, + D2)fx(u) + D2f2(u)]l(Dl0 + D20) 03) 

The mean molal activity of sulphuric acid, a±, was corrected according to Wirth2 

on the assumption that H 2 S 0 4 behaves as a strong binary electrolyte. Expressions 
for the diffusion coefficients D{, transference number of H 3 0 + ions auxiliary 
functions fx and f2 were taken from our previous communication1. The auxiliary 
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function Ft = 1 + c*D01/c£D12 was calculated on the basis of the corrected activity 
a ± in our previous work2. Thus, the functions \]/2 and y c o u l d be expressed directly 
by polynomials, \J/1 and \{/3 were approximated by polynomials calculated by the least 
squares method for 0 < u fS 1 as follows: 

i/z^m) = -0-61375 - 009536m - 1-44553m2 + l-82501u3 + 

+ 0-07611u4 - 0-40633m5 < 0 , (14) 

ij/2(u) = u - 0-81575u2 + 0-15169w3 > 0 , (15) 

i f / 3 (u) = -0-42825 - 0-10535u - 1-05842u2 + l-52431w3 + 

+ 0-05632i/4 - 0-36470u5 < 0 , (16) 

ih(«) = l-35186u - 0-98698u2 + 0-10485u3 + 0-01403u4 + 

0 00294m 5 > 0 . (17) 

It is assumed throughout that c* = 0-005 mol/cm3, i.e., u — c*j0-005. The reversible 
potential t]r was expressed previously1 by a formula which can be simplified for 
0-1 ^ m ^ 1 as rjr = 59-735 + 8-398m, since acid concentrations below u =0 -1 
are unlikely to be attained with respect to the boundary condition (7). 

Values of Input Parameters 

The quantity / 0 = d i0S in Eqs (9) has the meaning of exchange current per 1 cm2 

of electrode; it is not constant since the specific surface area, S, of lead dioxide di-
minishes in the course of the discharge. We assume that S is directly proportional 
to the amount of Pb0 2 , m (mol/cm3), present in 1 cm3 of the plate: 

S = S0(m - mj/fm^ - mx). (18) 

Here m0 and S0 denote initial values of m and S in a fully charged electrode, ml 

minimum (critical) value of m corresponding to a situation where all remaining 
particles of P b 0 2 are isolated or encapsulated10 by crystals of PbS0 4 . The value 
of m is, of course, a function of coordinate and time; it can be expressed as 

m=(l- Vp0)IV3 + (1/2F) |Vi2 dt. (19) 

If we combine this equation with (3) in ref.1 it turns out that m is a linear function 
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of porosity Fp: 

m = (1 - Fp 0) /F3 - (F p 0 - Fp) / (F4 - F3) , (20) 

hence Eq. can be rewritten in the form 

^ = S0(Vp - F p l ) / (F p 0 - F p l ) , (2/) 

where F p l means the least possible value of the porosity (corresponding to m j . 
In the absence of reliable data, can be estimated to obtain F p l f rom Eq. (20). 
For example, for Fp 0 = 0-5 we have m 0 = 0-01961 mol/cm 3 ; if about 1/8 of the 
initial content of P b 0 2 remains after complete discharge then F p l = 0 - 1 . The BET 
surface area is of the order of several m 2 /g ( ref . 1 1 ' 1 2 ) representing the upper limit 
for S0. The value of i0 can be found f rom a Tafel line published by Simonsson6 for 
a nonporous film of P - P b 0 2 o n platinum in 5M -H 2 S0 4 t o be 1 -2 .10~ 5 A/cm2 along 
with d £ / d l o g / = - 0 - 0 3 V. 

The parameters t0 and / d in Eqs (8) and (9) depend on D10 and D20 which are 
inversely proport ional to the tortuosity factor of the electrode pores, /p. This was 
set equal to 1-5 (ref.1) approximately in agreement with Euler 1 3 and theoretical 
considerations1 4 . F rom the conductivity measurements of other au thors 6 , 1 5 follow 
values of lp in the range 2-5 — 5. At the start, we shall use the values1 lp = 1-5, c a (D 1 0 + 
+ D20) F = 0-04012 A/cm. The remaining characteristics will be d = 0-1 cm, I f rom 
- 0 - 0 5 to - 0 - 3 A/cm2 , S0 = 5 . 1 0 4 c m ~ 1 , Fp 0 = 0-5, F p l = 0-1, K = 0-117, 
c* = 0-005 mol/cm3 . 

Method of Solution 

On eliminating 8 Vp/dr from Eqs (3) and (4) we obtain an equation of the form 

8u/eT = (p.iu^, uJ, vpi, Vp, 0), (22) 

where 0 = rj — rjr and the subscript £ denotes differentiation. Eq. (4) has the form 

dVjdx = <p2{Vp, 0), (23) 

since / 0 depends on S and this in turn on Vp through Eq. (21). Similarly, Eqs (2) and (4) can be 
combined to give 

e(i - <p30^, U,, Vp(, Vp, 0t, 0). (24) 

The space derivatives in (22) and (24) were expressed by finite differences with — 0-05; in this 
manner we obtained a system of 42 ordinary differential equations, which was solved for the first 
two steps in AT numerically by an explicit scheme and for further steps by using the always stable 
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Crank-Nicholson scheme enabling to shorten the computer time necessary for the calculation 
of the discharge characteristics by about two orders of magnitude. Eq. (24) was solved by itera-
tions; after its linearization we obtained a system of linear equations with a tridiagonal matrix. 
The iterations were carried out after every step in AT with the aim to fulfil the boundary condi-
tions (6) and (7). However, owing to an insufficient number of steps in A£ it was not possible 
to fulfil satisfactorily the condition (7) without changing the value of the integral of the faradaic 
current J. We therefore considered more appropriate to replace the "differential" boundary con-
dition (7) by the faradaic current integral: 

S sinh (20) d£ = //2d/0 (25) 

obtained from (1), the mentioned relation JS = V/2 and the conditions £ = 0, i2 = 0; £ = 1, 
i2 = I• The calculations were performed on a Tesla 200 type computer and the program was 
elaborated in Tesla-Fortran IV. 

R E S U L T S A N D D I S C U S S I O N 

The calculated dependences of concen t ra t ion (u) a n d poros i ty (F p ) on coord ina te (£) 
and t ime (T) are shown in Figs 1 — 4 in the u p p e r a n d lower halves, respectively. T h e 
calculat ions were in the ma jo r i t y of cases s topped a f t e r the poros i ty f o r £ = 1 at-
ta ined the value of 0-1 since this means pract ical ly b locking of the p o r e ent rances 
and inact iva t ion of the electrode surface. Af ter this s tate has been reached, the electro-
de po ten t ia l co r responds n o longer to the ou te r sur face of the p la te bu t r a the r to a pla-

1-0 

0-5 

__Jt-———— / 

1 2 3 _ 

i i 
0-5 1-0 

FIG. 1 

Calculated Distributions of Concentration 
and Porosity for / — —0 05 A/cm2 

Values o f t given in the diagram; td = t0 r d 

= 240-5 . 7-78 = 1871 s. 

FIG. 2 
Calculated Distributions of Concentration 
and Porosity for I — —01 A/cm2 

Values of r given in the diagram; td — 
= t0rd =240-5 . 2-704 = 650 s. 
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ne immediately under the inactivated layer. The electrode polarization is then in-
creased by an amount corresponding to the ohmic potential drop in the inactivated 
layer of a small porosity and further by an amount corresponding to the decreased 
concentration of sulphuric acid under this layer. These effects could not be taken 
into account in the present theory; they are obviously responsible for the formation 
of the so-caled knee on the discharge curve. Therefore, the time after which the plate 
surface becomes inactive (S = 0 and Vp = 0 - 1 for £ = l) will be regarded as the 
discharge time td; the corresponding capacity, K, and the coefficient of use of the ac-
tive material, q, are as follows: 

I, A/cm2 - 0 0 5 - 0 - 1 - 0 - 2 - 0 - 3 

'd» s 1871 650 219 116 
K, As/cm2 93-6 65-0 43-8 34-8 

q,% 24-8 17-2 11-6 9-2 

The values of q are in the range reported in ref.9, p. 211. The dependence of the dis-
charge time on current can be expressed approximately as td = 18-16|/ | - 1 - 5 4 7 , 
which is identical in form with the well-known Peukert equation (ref.9, p. 216). The cal-
culated discharge data are compared with those measured by Gillibrand and Lomax5 

in Fig. 5 in bilogarithmic coordinates; the agreement is surprisingly good. 
The porosity changes were calculated on the assumption that the apparent volume 

of the plate does not change during discharge, i.e., the expansion of the solid phase 

1-0 

0-5 

1-0 

0-5 

0 0-5 j 1-0 

FIG. 3 
Calculated Distributions of Concentration 
and Porosity for / = —0-2 A/cm2 

Values of t given in the diagram; td — 
= t0rd = 240-5 . 0-912 = 219 s. 

0 0-5 j 1-0 

FIG. 4 

Calculated Distributions of Concentration 
and Porosity for I = —0-3 A/cm2 

Values of r given in the diagram; td = 
= t0Td = 240-5 . 0-484 = 116 s. 
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takes place at the expense of the pores (ref.9, p. 226.) In spite of the small plate 
thickness the distribution of the electrochemical process along the x axis is very 
unequal as can be seen from the lower curves in Figs 1—4. This fact is unexpected 
on the basis of the very good electrical conductivity of sulphuric acid solutions and 
must be attributed to the rather high exchange current density for the reduction 
of lead dioxide. With decreasing value of i0 the depth of penetration of the electrode 
process into the pores would increase, i.e., the distribution of the faradaic current 
and porosity would become more equal. Such effect could be achieved by adding 
suitable surface active substances into the electrolyte and it is probable that the pre-
sence of the so-called expanders in negative plates serves the same purpose. 

For comparison, calculations were carried out for I = —0-05 and —0-1 A/cm2 

with the use of a higher tortuosity factor, Jp = 4-8, a value derived from Simons-
son's work8. This means a higher diffusion resistance, which can be ascribed to the 
presence of oxygen bubbles in the pores of the positive plate15. As could be expected, 
the higher value of /p results in a more rapid decrease of the acid concentration 
in the pores, more unequal distribution of the faradaic current and porosity, and 
lower discharge capacity. The calculated values of t-d, K and q are 910 s, 45-5 As/cm2, 
12-0% for I -0 -05 A/cm2 and 322 s, 32-2 As/cm2, 8-5% for I -O-lA/cm2. How-
ever, the values of K appear too low and are difficult to reconcile with the meas-
urements5. 

Another interesting point is the effect of the plate thickness, 2d. Comparative 
calculations were performed for d = 0-2 cm and /p = 1-5, other parameters being 
the same as before. The calculated discharge data are as follows: 

/, A/cm2 - 0 0 5 - 0 - 1 - 0 - 2 - 0 - 3 - 0 - 3 5 

'd> s 2160 800 281 145 114 
K, As/cm2 108 80 56-2 43-5 39-9 

q,% 14-3 10-6 7-4 5-7 5-3 

The values of K are naturally higher than for d = 0 1 cm, but their increments are 
rather small. The dependence of the discharge time on current can be expressed 
approximately as td which is of the same form as before. The largest 
relative increase of the capacity (in %) on doubling the plate thickness should be 
expected in the region of small current densities, however this is not substantiated 
by the theoretical values of K. The discrepancy is probably due to the approximate 
nature of our definition of the discharge time as the time after which the plate surface 
becomes inactivated (Vp = 0-1 and S = 0 for £ = l). 

The calculated E-t curves in the region beyond td are not comparable with mea-
surements for reasons mentioned above. The initial absolute values of the polariza-
tion, |E - Et|, for d = 0 1 cm were calculated as 10, 19, 32-5 and 41 mV for |/ | = 
= 0-05, 0-1, 0-2 and 0-3 A/cm2, respectively, while the final values at the theoretical 
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discharge time td are 64, 77, 91 and 99 mV. Practically the same results were obtained 
for d = 0-2 cm. By plotting the final values against log |/| we obtain a straight line 
with a slope d£/d log \l\ = — 0-045 V. The initial values lie on a similar straight 
line except for the first one (10 mV), which is so small that the back reaction becomes 
appreciable. From the measurements of Gillibrand and Lomax5 follows dJE/d log j/| = 
= — 0-04 V in good agreement with our theory. (It is, of course, not possible to derive 
this value directly from Eq. (l)). This shows that at least the initial course of the 
E-t curves corresponds to reality. With a larger tortuosity factor, lp = 4-8, the E-t 
curves are shifted by 8 — 9 mV to more negative potentials indicating that the cur-
rent load on the outer plate surface is somewhat higher as a result of decreased 
penetration of the current into the depth of the plate. However, the value of dEjd log . 
. |/| is practically the same as in the former case. The further course of the E-t curves 
(after the time td is reached) was calculated in two cases up to a polarization of 200 mV 
without obtaining a "knee" which would indicate the end of the discharge. The 
reason for this was already discussed. The polarization values beyond 70 — 100 mV 
are in our model conditioned by the fact that the criterion /^/Jd in Eq. (4) is pro-
portional to the value of S, which according to Eq. (21) approaches zero if Vp ap-
proaches Vpl. This occurs in our case for £ = 1 (x = d), Vp -> 01 . The computer 
was unable to calculate larger polarizations than about 200 mV owing to a numerical 
overflow. It is remarkable in this respect that also Simonsson's E-t curves end at 
about 200 mV polarization8. The reason for this is obviously the same, and our 
conclusion that the course of the calculated E-t curves in the region beyond td or 
above 100 mV does not correspond to reality is applicable also to the cited work8. 

The current-overvoltage relationship (2) involves a term corresponding to the 
back reaction, i.e., oxidation of PbS0 4 to Pb0 2 . This term was added to fulfil the 
condition J — 0 for E = Er; it should enable to calculate the course of the charging 
process after reversal of current. However, the back reaction term is not based on ex-
perimental data, which are lacking, and its form must be therefore regarded as a rough 

F I G . 5 

Comparison of Calculated and Measured 
Discharge Time 

• Values from ref.5 for 2 mm thick posi-
tive plates in an excess of stirred 6M-H2S04 

solution at 21 °C; plate surface area (both 
sides) 336 cm2; o present theory; the total 
current was calculated as 336 1. Numbers 
on the ordinate give total current (A), those 
on the abscissa discharge time (min). 

100 

2 3 4 5 10 20 30 <0 50 
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approximation. Furthermore, we assume that oxidation of PbS0 4 is the only reac-
tion proceeding in the pores during charging, but this condition is fulfilled only 
during the first 50 — 60% of the charging time and then a more or less appreciable 
evolution of oxygen commences16. Such a behaviour must be expected in view 
of the fact that a portion of the lead sulphate close to the plate surface is oxidized 
preferentially leaving a thin layer free of sulphate where the rise of the potential 
is most pronounced and the oxygen evolution favoured. 
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